The Drinfel'd Lagrangian Grassmannian compactifies the space of algebraic maps of fixed degree from the projective line into the Lagrangian Grassmannian. It has a natural projective embedding arising from the highest weight embedding of the ordinary Lagrangian Grassmannian. We show that the defining ideal of any Schubert subvariety is generated by polynomials which give a straightening law on an ordered set. Consequentially, any such subvariety is CohenMacaulay and Koszul.
space has applications to mathematical physics, linear systems theory, geometric representation theory, and the geometric Langlands correspondence, as well as quantum cohomology (see [2, 16, 17] for details). It is (almost) never compact, so various compactifications have been introduced to facilitate its study. Among these are Kontsevich's space of stable maps [9, 11] , the quot scheme (or space of quasiflags) [5, 14, 19] , and, at least when C is the projective line P 1 , the Drinfel'd compactification (or space of quasimaps) [2] . This latter space is defined concretely as a projective variety, and it can sometimes be shown to have many nice properties by looking directly at its defining equations. In particular, one may apply some of the ideas of standard monomial theory.
Inspired by the work of Hodge [10] on the Grassmannian, Lakshmibai, Musili, Seshadri, and others (see [13, 15] and references therein) developed standard monomial theory to study the flag varieties G/Q, where G is a semisimple algebraic group and Q ⊂ G is a parabolic subgroup. These spaces have a decomposition into Schubert cells, whose closures (the Schubert varieties) give a basis for cohomology. A consequence of standard monomial theory is that Schubert varieties are normal and Cohen-Macaulay, and one has an explicit description of their singularities and defining ideals.
A key part of standard monomial theory is that any G/P (P a maximal parabolic subgroup) has a projective embedding with coordinates such that the defining ideal of G/P takes the form of a straightening law (Definition 3.2). This idea originates with the aforementioned work of Hodge, and was extended to the Lagrangian Grassmannian by DeConcini and Lakshmibai [6] . An algebra with straightening law is a special case of a Hodge algebra [4] .
Sottile and Sturmfels have extended standard monomial theory to the Drinfel'd Grassmannian parametrizing algebraic maps from P 1 into the Grassmannian [18] . They extend the definition of Schubert varieties to this space, and prove that the homogeneous coordinate ring of any Schubert variety (including the Drinfel'd Grassmannian itself) is an algebra with straightening law on a distributive lattice. This is the crucial fact that allows one to prove that these Schubert varieties are normal, Cohen-Macaulay, and Koszul, and have rational singularities.
We extend these results to the Drinfel'd Lagrangian Grassmannian, defined in Section 2. The background on algebras with straightening law is provided in Section 3. Our main results and their consequences are presented in Section 4.
PRELIMINARIES
We give a precise definition of the Drinfel'd compactification of the space of algebraic maps from P 1 to a projectively embedded variety X, and then review the basic facts we will need regarding the Lagrangian Grassmannian.
Spaces of algebraic maps
We fix our notation. See [1, 8] for background on algebraic groups and representation theory.
If S is any set, let`S k´b e the collection of subsets α = {α1, . . . , α k } of cardinality k. Let [n] := {1, 2, . . . , n}.
Let G be a semisimple linear algebraic group. Fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B. Let R be the set of roots (determined by T ), and S := {ρ1, . . . , ρr} the simple roots (determined by B). The simple roots form an ordered basis for the Lie algebra t of T ; let {ω1, . . . , ωr} be the dual basis (the fundamental weights). The Weyl group W is the normalizer of T modulo T itself. It acts on t.
Let P ⊂ G be the maximal parabolic subgroup associated to the fundamental weight ω ∈ Ω, let L(ω) be the irreducible representation of highest weight ω, and let (, ) denote the usual W -invariant inner product (Killing form) on t. For ρ ∈ R, let ρ ∨ := 2ρ/(ρ, ρ). For simplicity, assume that (ω, ρ ∨ ) ≤ 2 for all ρ ∈ S (i.e., P is of classical type; see [13] ). This condition implies that L(ω) has T -fixed lines indexed by certain pairs of elements of W/WP , called admissible pairs (Definition 3.4). The flag variety G/P embeds in PL(ω) as the orbit of a highest weight vector. Define the degree of a rational map f : P 1 → G/P to be its degree as a rational map into PL(ω).
Let M d (G/P ) be the space of algebraic maps of degree d from P 1 into G/P . Our assumption that P is of classical type implies that the set D of admissible pairs indexes the homogeneous coordinates on PL(ω) (see Definition 3.4 or [15, 13] for more background). Therefore, any map f ∈ M d (G/P ) can be expressed as f : 
. This definition was made by V. Drinfel'd in the mid-1980s. To the author's knowledge, the first place it appeared in print was in [12] .
Let G = SLn(C) and P be the maximal parabolic subgroup stabilizing a k-dimensional subspace, so that G/P is the Grassmannian Gr(k, n). We denote the Drinfel'd
In [18] it is shown that the homogeneous coordinate ring of Q d (k, n) is an algebra with straightening law on a distributive lattice`[ n] k´d , hence normal, Cohen-Macaulay, and Koszul, and its ideal
] has a quadratic Gröbner basis consisting of the straightening relations. The partial order on` For any semisimple algebraic group, this is an ordering on a certain set of coset representatives of the quotient of the Weyl group by the Weyl group of a parabolic subgroup.
Suppose that d = k+q for positive integers and q, and let X = (xij) 1≤i,j≤n be a matrix of polynomials with xij = x
to the coefficient of t a in the maximal minor of X whose columns are indexed by α.
The main results of [18] follow from the next theorem. Given any distributive lattice, we denote by ∧ and ∨, respectively, the meet and join. The symbol ∧ will also be used for exterior products of vectors, but the meaning should always be clear from the context. 
The quadratic polynomials S(γ (c) , (e) ) form a Gröbner basis for the ideal they generate. It is shown in [18] that there exists a toric (sagbi) deformation taking S(γ (c) ,
to its initial form p
γ∧ . We extend this result to the Lagrangian Drinfel'd Grass-
The realization of the coordinate ring of a Drinfel'd flag variety (and its Schubert varieties) allows one to compute the degree of a Schubert variety, thus recovering certain intersection numbers in quantum cohomology.
The Lagrangian Grassmannian
In its natural projective embedding, the Lagrangian Grassmannian LG(n) is defined by quadratic relations which give a straightening law on a certain ordered set. While this is well-known, the author knows of no explicit derivation of these relations which do not require the representation theory of semisimple algebraic groups. We provide a derivation which does not rely upon representation theory (although we adopt the same notation and terminology) which will be useful when we consider the Drinfel'd Lagrangian Grassmannian, for which representation theory has yet to be successfully applied.
For i ∈ Z, letī := −i and define
Fix an ordered basis {en, . . . , e1, e1, . . . , en} of the vector space C 2n , and let Ω := P n i=1 eī ∧ ei be a non-degenerate alternating bilinear form. The Lagrangian Grassmannian LG(n) is the set of maximal isotropic subspaces (relative to Ω) of C 2n . It is a subset of the Grassmannian Gr(n, 2n) of all n-dimensional linear subspaces of C 2n . Fix a maximal torus T ⊂ Sp 2n (C). Let {hi := Eii − Eīī | i ∈ [n]} be the usual basis for the Lie algebra t of T [8] and 
, and thus the support of η does not contain h * α j . Hence the set of all such η are indexed by elements of` n k´s uch that k = 1, . . . , n and n−k is even.
Let V be a vector space. For simple alternating tensors
if k ≤ l and ϕ v := 0 otherwise, and extending bilinearly to a map
By Proposition 2.2 below, this representation is isomorphic to the kernel of the contraction Ω • :
We thus have a commutative diagram of injective maps:
Proposition 2.2. The dual of the contraction map
is the multiplication map
Furthermore, L(ωn) is defined by the vanishing of the linear forms
Ln := Ω ∧ e * α 1 ∧ · · · ∧ e * α n−2 | α ∈` n n−2´ .
These equations cut out LG(n) scheme-theoretically in the Grassmannian Gr(n, 2n). Dually, L(ωn) = ker(Ω •).
Since the linear forms in Ln are supported on variables indexed by α ∈` n n´s uch that {ī, i} ∈ α for some i ∈ [n], the complementary variables are linearly independent. These are indexed by the set Pn of admissible elements of`
and have a nice description in terms of plane partitions. Consider the lattice Z 2 with coordinates (a, b) corresponding to the point a units below the origin and b units to the right of the origin. A (plane) partition consists of rows of leftjustified unit squares (boxes) with the number of boxes in successive rows weakly decreasing. We denote a partition by (n a 1 1 , . . . , n a k k ) if it has k rows, with n1 boxes in the first a1 rows and so on. Given an increasing sequence α ∈` n n´, let path(α) be the lattice path beginning at (n, 0), ending at (0, n), and whose i th step is vertical if i ∈ α and horizontal if i ∈ α. We can associate a partition to α by taking the boxes lying in the region bounded by the coordinate axes and path(α). For instance, the sequence α =4223 ∈` 4 4´i s associated to the partition shown in Figure 1 . 
Remark 2.1. We will use an element of` n n´a nd its associated partition interchangeably. We denote by α t the partition obtained by reflecting α about the diagonal in Z 2 . As a sequence, α t is the complement of {ᾱ1, . . . ,ᾱn} ⊂ n . The Grassmannian Gr(n, 2n) has a natural geometric involution • ⊥ : Gr(n, 2n) → Gr(n, 2n) sending an n-plane U to its orthogonal complement 
In particular, the relation pα − σαp α t holds on LG(n).
The Grassmannian Gr(n, 2n) is the subvariety of P( V n C 2n ) defined by the Plücker relations.
Proposition 2.6 ([7, 10]). For α, β ∈`[

2n] n´t
here is a Plücker relation
The defining ideal of Gr(n, 2n) ⊂ P( V n C 2n ) is generated by the Plücker relations.
It follows from Proposition 2.4 that the system of linear equations
n n´ defines LG(n) ⊂ Gr(n, 2n) set-theoretically. Since LG(n) lies in no hyperplane of PL(ωn), L n is a linear subspace of the span Ln of the defining equations of L(ωn) ⊂ V n C 2n . The generators of L n above suggests that homogeneous coordinates for the Lagrangian Grassmannian should be indexed by some sort of quotient (which we will call Dn) of the poset Pn. The correct notion of quotient is that of a doset (Def- 
nder πn is the diagonal ΔP n ⊂ Pn × Pn. To show that Dn indexes coordinates on LG(n), we will work with a convenient set of representatives of the fibers of πn. The fiber of (α, β) ∈ Dn can be described as follows. The lattice paths path(α) and path(β) must meet at the diagonal. Since α and β are symmetric, they are determined by the segments of their paths to the right and above the diagonal. Let S(α, β) be the set of boxes bounded by these segments. Taking A subset S ⊂ (n n ) of boxes is disconnected if S = S1 S2 and no box of S1 shares an edge with a box of S2. A subset S is connected if it is not disconnected. Let S(α, β) = F k i=1 Si be the decomposition of S(α, β) into its connected components. 
and31134114 and3223
The elements of π −1 n (4213,3124) are shown in Figure 3 . For any diagram α ⊆ (n n ), let α+ ⊆ α be the subset of α on or above the main diagonal, and α− ⊆ α the subset of α on or below the main diagonal. Equivalently, α is a strictly   increasing subsequence of (n, . . . ,1, 1, . . . , n) as a linear combination of monomials supported on a chain. These facts are presented in the general case in Section 4.
ALGEBRAS WITH STRAIGHTENING LAW
Generalities
We define the notion of an algebra with straightening law on a doset and record some useful facts. Other sources for this subject are [4] and [6] .
Let P be a poset, ΔP the diagonal in P × P, and OP := {(α, β) ∈ P × P | α ≤ β} the subset of P × P defining the order relation on P. We represent any doset D on P by its Hasse diagram. Start with the Hasse diagram of P ⊂ D and draw a double line for each cover α β such that (α, β) is in D. This is the Hasse diagram of the doset. The defining property of a doset implies that we can recover all the information in the doset from its Hasse diagram. See Figure 5 for an example.
Loosely, an algebra with straightening law is an algebra generated by elements corresponding to a (finite) doset with a basis consisting of standard monomials. These are monomials of the form
Monomials which are not standard are subject to so-called straightening relations, as described in the following definition.
Aq is an algebra with straightening law on D if there is an injection D (α, β) → p (α,β) ∈ A such that:
2. The set of standard monomials are a C-basis of A.
For any monomial m
is the unique expression of m as a linear combination of distinct standard monomials, then the sequence
is lexicographically smaller than
where the mi ∈ A2 are standard monomials distinct from
The ideal of straightening relations is generated by homogeneous quadratic forms in the pα (α ∈ D), so we may consider the projective variety X := Proj A they define. For each α ∈ P, we have the Schubert variety Xα := {x ∈ X | p (β,γ) (x) = 0 for γ ≤ α} and the dual Schubert variety
Let us recall the geometry of these varieties for the Grassmannian of k-planes in C n , whose coordinate ring is an algebra with straightening law on the poset`[ n] k´. 
For each i ∈ [n], define i-dimensional linear subspaces
Any k-plane E ∈ Gr(k, n) can be represented as the row space of a k × n matrix. This representation is unique if we consider only reduced row echelon matrices. The Schubert variety Xα consists of the k-planes E such that the pivot in row i is weakly to the right of column n−αi+1. Since the Plücker coordinate pα(E) is just the maximal minor of this matrix, we see that E ∈ Xα if and only if p β (E) = 0 for all β ≤ α; hence our definition of Xα for the Grassmannian agrees with the general definition above.
Schubert varieties are useful and natural tools for studying algebras with straightening law. In particular, they are essential ingredients in the proofs of Theorems 3.2 and 3.3.
For a projective variety X ⊂ P n , there exists a unique saturated radical ideal I such that V(I) = X. Under mild hypotheses, any ideal generated by straightening relations on a doset is saturated and radical. 
Hilbert series of an algebra with straightening law
We compute the Hilbert series of an algebra with straightening law A on a doset, and thus obtain formulas for the dimension and degree of Proj A. Let P be a poset and D a doset on P. Assume that all maximal chains in D (respectively, P) have the same length d (respectively, p).
We first compute the Hilbert series of A with respect to a suitably chosen fine grading of A. Namely, A is graded by the elements of a semigroup, defined as follows. , where, α ∈ Q P (α ∈ P) has α-coordinate indexed by 1 and all other coordinates equal to 0. This gives a (fine) grading of A by the semigroup im(w). Let Ch(D) be the set of all chains in D. Since the standard monomials (those supported on a chain) form a C-basis for A, the Hilbert series with respect to this fine grading is These chains are shown in Figure 4 . We have
Setting r = rα = r β , we obtain the Hilbert series with respect to the usual Z-grading of C [D] .
hA(r) = 1 + 2r 1 − r + r + 2r
We see that the Hilbert polynomial is 2i+1, hence Proj A has dimension 1 and degree 2.
Remark 3.2. The Lagrangian Grassmannian
LG (2) is an algebra with straightening law on the five element doset obtained by adding two elements0 < α and1 > β to the doset D in Example 3.1. By a similar computation, the degree of
LG (2) is also 2. Theorem 4.5 allows us to compute degrees of Schubert varieties of the Drinfel'd Lagrangian Grassmannian. This gives a new derivation of numbers computed in quantum cohomology.
Generalizing the methods of Example 3.1, we can compute the Hilbert series and polynomial of an algebra with straightening law. From this we obtain the following theorem.
Theorem 3.4. deg(Proj
A) = 2 d−p c 0 p .
The doset of admissible pairs
We define the main combinatorial object; namely, the doset of admissible pairs on the poset P d,n . Let us first consider an example. 
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(1) Figure 5 : The doset D2,4.
we have the Plücker coordinate p 
, where the number of negative elements in β is one less than the number of negative elements of α. For example,4123
(a) <4123 (a) ∈ P d,4 for any non-negative integers a ≤ d.
, where the number of negative elements of β is one more than the number of negative elements of α,n ∈ β, and n ∈ α. For example,3214 (a) < 4321 (a+1) for any non-negative integers a ≤ d.
The first two types are those appearing in the classical Bruhat order on P0,n. It follows that P d,n is a union of levels P (a) d,n , each isomorphic to the Bruhat order, with order relations between levels imposed by covers of the type (3) above.
Definition 3.4.
A pair (α (a) < β (a) ) is admissible if there exists a saturated chain α = α0 < α1 < · · · < αs = β, where each αi < αi+1 is a cover of type (1).
We denote the set of admissible pairs by D d,n . Note that (α (a) < β (b) ) is never admissible if a < b.
In conjunction with Theorems 4.5 and 4.6, Proposition 3.5 implies that the coordinate ring of the Drinfel'd Lagrangian Grassmannian is Cohen-Macaulay [3, 6] .
THE STRAIGHTENING LAW
A basis for
* is the quotient of V n C 2n * by the subspace spanned by the linear forms is a weight space for the action of SL2(C); this action is transitive on weight spaces. Our next step is to further restrict our attention to a weight space for the action of SL2(C) × Sp 2n (C).
For η ∈` n n−2´,
η| is always even. Each weight of V n−2 C 2n * is also a weight of V n C 2n * . The map Ω ∧ • preserves these weights, so that Ln is the direct sum of its weight spaces (Ln)ω. For a weight ω, the weight space t d ⊗ (Ln)ω is spanned by the vectors
* will therefore be the union of bases of each of its weight spaces.
Let us therefore consider one such weight space, say t d ⊗ (Ln)ω, and suppose that ω = ωη, where η ∈` n k´f or some k ∈ {0, . . . , n}. It is evident that the generators of this space are the same, up to multiplication of some variables by −1, as the generators of
is the span of the basis vectors ej for j orj in n \ b η). Since these signs do not affect linear independence, we can assume that the weight space in question is ( V n C 2n * )0. This implies that n is even; set m := n/2. We obtain the linear forms which span t d ⊗ (L4)0 (see Example 2.1) by first removing every occurrence of 1 and 3 in the subscripts above and then flattening the remaining indices. That is, we apply the replacement (and similarly for the negative indices): 6 → 4, 5 → 3, 4 → 2, and 2 → 1. We then replace a variable by its negative if 2 appears in its index; this is to keep track of the sign of the permutation sorting the sequence (ī, i, η1, . . . , ηn−2) in each term of The following lemma allows us to take the coordinates p (a) α
